In this paper, we study the Volterra integral equations of the first kind with a bulge function. The Laplace transform, inverse Laplace transform and the convolution theorem are used in this study to obtain the exact solution. The Simpson's quadrature rule is used to find the numerical solutions.
Introduction
Problems in which integral equations [6] are faced include radiative energy transfer and the oscillation of a string, membrane, or axle. Oscillation problems may also be solved as differential equations. Integral equations are significant in many applications. S. Xiang [5] focused on Laplace and inverse Laplace transforms for approximation of Volterra integral equations of the first kind with highly oscillatory Bessel kernels, where the explicit formulae for the solution of the first kind integral equations are derived, from which the integral equations can also be efficiently calculated by the Clenshaw-Curtis-Filon-type methods. Furthermore, by applying the asymptotics of the solution, some simpler formulas for approximating the solution for large values of the parameters are deduced. F. Mirzaee [3] used the repeated Simpson's quadrature rule to solve the linear Volterra integral equations of the first kind, converted the linear Volterra integral equations of the first kind to a recurrence relation and shown that the estimates have a good degree of accuracy. In this paper, we study the Volterra integral equations of the first kind with a bulge function. The Laplace transform, inverse Laplace transform, the convolution theorem and the Taylor series expansion are used in this study to derive the exact solution. The Simpson's quadrature rule is used to find the numerical solutions.
Preliminaries
We began our study by giving out the the Laplace transform, the convolution theorem and the Volterra integral equations of the first kind which can be used in this study.
Definition 2.1. The Laplace Transform [1] . Given a function f (t) defined for all t ≥ 0, the Laplace transform of f is the function F defined as follow:
for all values of s for which the improper integral converges Theorem 2.2. The Convolution Theorem [2] . The convolution of two functions f (t) and g(t) denoted f (t) * g(t), is given by
whenever the integral is defined.
A linear Volterra equation of the first kind is of the form
where f is a given function and x is an unknown function to be solved for.
Simpson's quadrature rule [3, 4] 
approximation results in the composite version of Simpson's quadrature rule
for the entire interval. The error of S(h) is the sum of all
3 The solution of Volterra integral equation of the first kind by using the Laplace transform Lemma 3.1. The Laplace transform of the bulge function e
is expressed by
Proof. The Taylor series expansion e x is of the form
Therefore, by substituting equation (7) with
, we obtain
By taking the Laplace transform to equation (8) and using the fact that the Laplace transform is linear, we derived L e can be expressed by
Proof. By taking the Laplace transform to the above equation, we have
Applying the convolution theorem, it yields L y(t) * e at = e − l 2 2
And again by applying the convolution theorem and Lemma 3.1 to equation (12), we obtain
Or
We can next use the partial fraction method to equation (14), we have
Then, the inverse Laplace transform can be employed to equation (15) to obtain Figure 1 : Graphs of the comparison of exact solutions and numerical solutions of example. Graph A, we fix l = 2, a = 1 and h = 0.1. Graph B, we fix l = 2, a = 1 and h = 0.05. Graph C, we fix l = 2, a = 1 and h = 0.025. Graph D, we fix l = 2, a = 1 and h = 0.01.
Conclusion
In this work, we studied the Volterra integral equations of the first kind with a bulge function which is denoted by f (t) = e − (t−l) 2 2 where l is a positive constant. For this study, we fix the value of l = 2 and a = 1 but we decease the values of h as h = 0.1, 0.05, 0.025, 0.01. We applied the repeated Simpson's quadrature rule for solving the numerical solutions. To reach the exact solution, we applied the Laplace transform, the inverse Laplace transform, the Taylor series expansion and the convolution theorem. Referring to our example, We can conclude that the approximate solutions obtained by the Simpson's quadrature rule are in good concord with the exact solutions.
